Abstract. The concept of geometric-arithmetic index was introduced in the chemical graph theory recently, but it has shown to be useful. The aim of this paper is to obtain new inequalities involving the geometricarithmetic index GA 1 and characterize graphs extremal with respect to them. Our main results provide lower bounds GA 1 (G) involving just the minimum and the maximum degree of the graph G.
Introduction
A single number, representing a chemical structure in graph-theoretical terms via the molecular graph, is called a topological descriptor and if it in addition correlates with a molecular property it is called topological index, which is used to understand physicochemical properties of chemical compounds. Topological indices are interesting since they capture some of the properties of a molecule in a single number. Hundreds of topological indices have been introduced and studied, starting with the seminal work by Wiener in which he used the sum of all shortest-path distances of a (molecular) graph for modeling physical properties of alkanes (see [18] ).
Topological indices based on end-vertex degrees of edges have been used over 40 years. Among them, several indices are recognized to be useful tools in chemical researches. Probably, the best know such descriptor is the Randić connectivity index (R) [8] . There are more than thousand papers and a couple of books dealing with this molecular descriptor (see, e.g., [4] , [5] , [6] , [11] , [12] and the references therein). During many years, scientists were trying to improve the predictive power of the Randić index. This led to the introduction of a large number of new topological descriptors resembling the original Randić index. The first geometric-arithmetic index GA 1 , defined in [17] as
where uv denotes the edge of the graph G connecting the vertices u and v, and d u is the degree of the vertex u, is one of the successors of the Randić index. Although GA 1 was introduced in 2009, there are many papers dealing with this index (see, e.g., [1] , [2] , [3] , [7] , [10] , [13] , [17] and the references therein). There are other geometric-arithmetic indices, like Z p,q (Z 0,1 = GA 1 ), but the results in [2, p.598] show that the GA 1 index gathers the same information on observed molecule as other Z p,q indices.
The reason for introducing a new index is to gain prediction of target property (properties) of molecules somewhat better than obtained by already presented indices. Therefore, a test study of predictive power of a new index must be done. As a standard for testing new topological descriptors, the properties of octanes are commonly used. We can find 16 physico-chemical properties of octanes at www.moleculardescriptors.eu. The GA 1 index gives better correlation coefficients than R for these properties, but the differences between them are not significant. However, the predicting ability of the GA 1 index compared with Randić index is reasonably better (see [2, Table 1] ). Although only about 1000 benzenoid hydrocarbons are known, the number of possible benzenoid hydrocarbons is huge. For instance, the number of possible benzenoid hydrocarbons with 35 benzene rings is 5.85 · 10 21 [16] . Therefore, modeling their physico-chemical properties is important in order to predict properties of currently unknown species. The graphic in [2, Fig.7] (from [2, Table 2 ], [14] ) shows that there exists a good linear correlation between GA 1 and the heat of formation of benzenoid hydrocarbons (the correlation coefficient is equal to 0.972).
Furthermore, the improvement in prediction with GA 1 index comparing to Randić index in the case of standard enthalpy of vaporization is more than 9%. That is why one can think that GA 1 index should be considered in the QSPR/QSAR researches.
Throughout this work, G = (V (G), E(G)) denotes a (nonoriented) finite simple (without multiple edges and loops) nontrivial (E(G) = ∅) graph. The aim of this paper is to obtain new inequalities involving the geometric-arithmetic index GA 1 and characterize graphs extremal with respect to them. Our main results provide lower bounds GA 1 (G) involving just the minimum and the maximum degree of the graph G (see Theorems 2.7 and 2.20, and Corollaries 2.15 and 2.16).
GA 1 and minimum and maximum degree
If G is a graph with m edges, minimum degree δ and maximum degree ∆, then in [1] (see also [2] ) we find the bounds:
δ+∆ if and only if the graph is either regular or bipartite with the two sets being respectively the set of vertices with degree δ and degree ∆. Given integers 0 < δ ≤ ∆, let us define G δ,∆ as the set of graphs G with minimum degree δ, maximum degree ∆ and such that:
(1) G is isomorphic to the complete graph with ∆ + 1 vertices Remark 2.4. Every graph G ∈ G δ,∆ has maximum degree ∆ and |V (G)| = ∆ + 1. Hence, every graph G ∈ G δ,∆ is connected. Proposition 2.5. For any integers 0 < δ ≤ ∆, we have G δ,∆ = ∅. Let G be a graph with minimum degree δ and maximum degree ∆. Then
with equality if and only if G ∈ G δ,∆ .
Proof. There is at least one vertex v 0 ∈ V (G) with degree ∆ and ∆ vertices, v 1 , . . . , v ∆ , adjacent to it. Since
. If ∆(δ + 1) is odd, then
is not an integer and the lower bound is at least
. If the equality is attained, then V (G) = {v 0 , v 1 , . . . , v ∆ } (thus |V (G)| = ∆ + 1). As in Remark 2.4, we can conclude that G is connected. If ∆(δ + 1) is even, then d vi = δ for i = 1, . . . , ∆, and G ∈ G δ,∆ . If G ∈ G δ,∆ , it is clear that the equality holds. If ∆(δ + 1) is odd, then a similar argument gives that the equality is attained if and only if G ∈ G δ,∆ .
Finally, let us prove G δ,∆ = ∅. This is clear in the case (1); so, let us assume δ < ∆. Proposition 2.6. For every integers 0 < δ ≤ ∆ and G ∈ G δ,∆ , we have
Proof. The equalities follow from the definitions of GA 1 and G δ,∆ . Let us see that
is even. Thus, we can assume that δ < ∆. It suffices to check that
The first claim follows from Lemma 2.2 and the fact that
For the second claim it suffices to check that
finishing the proof.
Theorem 2.7. Let G be a graph with minimum degree δ > 0 and maximum degree ∆. Then
with equality if and only if δ = 1 and G is a star graph or δ = ∆ and G is a complete graph.
Furthermore, if ∆(δ + 1) is odd, then
Proof. By Proposition 2.5, 2m ≥ ∆(δ + 1). This inequality and the lower bound in (2.1) give the first inequality. If we use in this argument the second part of Proposition 2.5, then we obtain the second inequality. If δ = 1 and G is a star graph or δ = ∆ and G is a complete graph, then one can check that the equality is attained in the first inequality.
If the equality holds in the first inequality for a graph G, then Remark 2.1 gives that G is either regular or bipartite with the two sets being respectively the set of vertices with degree δ and degree ∆, and Proposition 2.5 gives that ∆(δ + 1) is even and G ∈ G δ,∆ . If δ = ∆, then G is a complete graph. If δ < ∆, then G is a bipartite graph with the two sets being the set of vertices with degree δ and degree ∆; thus, given a vertex v with degree δ, there are δ − 1 edges connecting v and δ − 1 vertices with degree δ; if δ > 1, then this is not possible since G is a bipartite graph. Hence, δ = 1 and G is a star graph.
We say that a graph G with minimum degree δ and maximum degree ∆ is minimal if GA 1 (G) ≤ GA 1 (Γ) for every graph Γ with minimum degree δ and maximum degree ∆. Proposition 2.8. For any integers 0 < δ ≤ ∆, let G be a graph with minimum degree δ and maximum degree ∆ which is minimal for those δ and ∆. Then
For |E(G)|, the lower bound is attained if and only if G ∈ G δ,∆ and the upper bound is attained if and only if G = K δ,∆ .
Proof. By Proposition 2.5, if ∆(δ + 1) is even,
By Corollary 2.3, for every edge uv, Let us denote by K δ,∆ the complete bipartite graph with a partition K 1 , K 2 with δ and ∆ vertices respectively. Notice that the vertices in K 1 have degree ∆ and the vertices in K 2 have degree δ. It was proved in [9] 
Therefore, Proposition 2.6 and δ > 1 give
It may be wondered if
The following example shows that the answer is negative. Theorem 2.11. Let G be a graph with minimum degree δ > 0 and maximum degree ∆ ≥ 2. If
If ∆ and δ verify (2.3), then the equality in (2.4) is attained if and only if ∆(δ + 1) is even and G ∈ G δ,∆ . If ∆ and δ verify (2.5) and ∆(δ + 1) is odd, then the equality in (2.6) is attained if and only if G ∈ G δ,∆ .
Proof. Suppose G / ∈ G δ,∆ . Then, by Proposition 2.5, G has at least
+ 1 edges. By (2.1), this implies that
Let us denote ε = 2 √ δ∆ δ+∆ . Then, it suffices to check that ∆(δ + 1) 2
Thus, it is readily seen that ∆(δ + 1) 2
If ∆(δ + 1) is odd and G / ∈ G δ,∆ , then by Proposition 2.5, G has at least ∆(δ+1)+1 2 + 1 edges. By (2.1), this implies that (2.8)
Then, it suffices to check that
Since ε ≥ ∆(δ−1) ∆(δ−1)+2 , the argument from the even case implies that ∆(δ + 1) 2
Since, by hypothesis 3 2
then the result follows immediately. Proposition 2.6 gives that the equality in (2.4) is attained if ∆(δ + 1) is even and G ∈ G δ,∆ , and that the equality in (2.6) is attained if ∆(δ + 1) is odd and G ∈ G δ,∆ .
Assume that ∆ and δ verify (2.3). Proposition 2.6 gives that if the equality is attained in (2.4) for some G, then ∆(δ + 1) is even. Assume that the equality is attained in (2.4) for some G / ∈ G δ,∆ . Thus, the equality is attained in (2.7). Remark 2.1 and (2.1) give that |E(G)| = ∆(δ+1) 2 + 1 and G is either regular or bipartite with the two sets being respectively the set of vertices with degree δ and degree ∆. If G is regular, then δ = ∆ and
2 , where n = |V (G)|. So, 2 = ∆(n − 1 − ∆) and, since ∆ ≥ 2, we conclude ∆ = 2 and n − 1 − ∆ = 1; hence, G is a 2-regular graph with n = 4 vertices, i.e., G ∼ = C 4 . Assume now that G is bipartite with the two sets being respectively the set of vertices with degree δ and degree ∆ (thus, ∆ > δ). Then there exists a vertex v 0 ∈ V (G) of degree ∆ with neighbors v 1 , . . . , v ∆ ∈ V (G) of degree δ; since G is a bipartite graph, ∆(δ + 1) 2 + 1 = |E(G)| ≥ ∆δ, ∆ + 2 ≥ ∆δ. If δ ≥ 2, then ∆ + 2 ≥ 2∆, 2 ≥ ∆ and we conclude ∆ = δ = 2, a contradiction. If δ = 1, then G is isomorphic to the union of r graphs K 1,∆ , since G is bipartite, and we have
Hence, ∆ = 1, a contradiction. We conclude that if the equality is attained in (2.4) for some G / ∈ G δ,∆ , then (∆, δ) = (2, 2) and G ∼ = C 4 , but we have
, a contradiction. Therefore, if G / ∈ G δ,∆ , then the inequality (2.4) is strict. Assume that ∆ and δ verify (2.5) and that the equality is attained in (2.6) for some G / ∈ G δ,∆ . Thus, the equality is attained in (2.8). Remark 2.1 and (2.1) give that |E(G)| = ∆(δ+1)+1 2 + 1 and G is either regular or bipartite with the two sets being respectively the set of vertices with degree δ and degree ∆. If G is regular, then δ = ∆ and ∆(∆ + 1) is even, leading to contradiction with the number of edges. Assume now that G is bipartite with the two sets being respectively the set of vertices with degree δ and degree ∆ (thus, ∆ > δ). Since ∆(δ + 1) is odd, we have δ ≥ 2. Thus, ∆ + 3 ≥ 2∆, 3 ≥ ∆ > δ ≥ 2 and we conclude ∆ = 3, δ = 2 and |E(G)| = 6. Hence, G has two vertices with degree 3 and three vertices with degree 2 and it is isomorphic either to the cycle graph C 5 with an additional edge or to the complete bipartite graph K 2,3 . One can check that for these graphs the equality in (2.6) is strict, a contradiction. We conclude that the equality is not attained in (2.6) if G / ∈ G δ,∆ .
Remark 2.12. Notice that in Theorem 2.11, since 2 √ (δ+1)∆ δ+1+∆ ≤ 1 for every δ < ∆, to assure the second condition in the case where ∆(δ + 1) is odd, this is,
it suffices to check that
or equivalently,
A nontrivial connected graph with maximum degree at most four is a molecular graph representing hydrocarbons [15] . Theorem 2.11 allows to obtain sharp inequalities for molecular graphs.
Corollary 2.13. Let G be a molecular graph with minimum degree δ > 0 and maximum degree ∆. If (δ, ∆) = (2, 3), then
with equality if and only if G ∈ G δ,∆ . If (δ, ∆) = (2, 3), then
with equality if and only if G ∈ G 2,3 .
Proof. Since G is a molecular graph, ∆(δ + 1) is even if and only if (δ, ∆) = (2, 3). One can check that, in this case, (δ, ∆) satisfies (2.3) in Theorem 2.11. Thus, Theorem 2.11 gives the first part of the corollary. It is easy to check that (δ, ∆) = (2, 3) satisfies (2.5) in Theorem 2.11. Hence, Theorem 2.11 gives the second part of the corollary.
Corollary 2.14. Let G be a graph with minimum degree δ > 0 and maximum degree
Proof. By Theorem 2.11 and δ = ∆ − h, it suffices to check that
Thus,
Let us denote
Therefore, we obtain the following polynomials with the following real solutions (rounded off to one decimal):
2 − 64∆ − 64, real roots: −0.8 and 4.8. If h = 5, P (5, ∆) = −9∆ 3 + 124∆ 2 − 404∆ − 80, real roots: −0.2, 5.9 and 8.1. If h = 6, P (6, ∆) = −20∆ 3 + 296∆ 2 − 1076∆ − 96, real roots: −0.1, 6.9 and 8. If h = 7, P (7, ∆) = −33∆ 3 + 544∆ 2 − 2224∆ − 112, real roots: −0.1, 7.9 and 8.6. This, together with Theorem 2.7 and Corollary 2.14, yields the following: Corollary 2.15. Let G be a graph with minimum degree δ > 0 and maximum degree ∆ = δ + h ≥ 2. If we have
(1) h = 0 or h = 1, for every ∆ ≥ 2, (2) h = 2, for every ∆ ≥ 3,
h = 5, for every ∆ ∈ {6, 7, 8}, (6) h = 6, for every ∆ ∈ {7, 8}, (7) h ≥ 7 and ∆ = h + 1, then
Corollary 2.16. Let G be a graph with maximum degree ∆ ≥ 2 and minimum degree δ = ∆ − 1. Then
with equalities if and only if G ∈ G ∆−1,∆ .
Proof. As we saw above, P (1, ∆) = 15∆ 3 − 44∆ 2 + 44∆ − 16 ≥ 0 for every ∆ ≥ 2. Furthermore, since this inequality is strict for every ∆ ≥ 2, the bound is only attained if
If ∆ is odd (and therefore, ∆ ≥ 3), then by Theorem 2.11, and Remark 2.12, the second result follows trivially from the fact that δ ≥ 2 > 3 2 . Also, since the inequality is strict, the bound is only attained if G ∈ G ∆−1,∆ Corollary 2.15 has also the following consequence.
Corollary 2.17. Let G be a graph with minimum degree δ > 0 and maximum degree 2 ≤ ∆ ≤ 8. Then
Proof.
Proof. We have
Let us define Theorem 2.20. Let G be a graph with minimum degree 2 and maximum degree ∆ ≥ 28. Then,
and the equality is attained if and only if G = K 2,∆ .
Proof. Let x 0 be a vertex such that d x0 = ∆. Let C 1 , . . . , C k be the connected components of G\{x 0 } and
denotes the set of vertices in G adjacent to x 0 . Let r i := |R i | and notice that
If C i has at least r i edges, then uv∈E(Ci)
If C i has less than r i edges then, since R i has r i vertices and R i ⊆ C i with C i connected, it follows that R i = V (C i ) and C i is a tree with exactly r i − 1 edges.
Suppose there is a vertex v ∈ R i , such that d v ≥ 28. Recall that v is adjacent to x 0 with d x0 = ∆. Thus, by Lemma 2.18,
∆+2 . Since apart from the edge x 0 v, there are r i − 1 edges joining x 0 and the vertices in R i \{v} and r i − 1 edges in C i , it follows that
Otherwise, if v i is the vertex in R i with maximum degree and d vi ≤ 27, then
Since apart from these edges there are r i − d vi edges in C i and r i edges joining x 0 and the vertices in R i , it follows that
Notice that A(d vi ) > B(∆) for every ∆ ≥ 30, if ∆ = 29 and d vi ≤ 26 and if ∆ = 28 and d vi ≤ 25. Therefore, if every component C i either satisfies one of these cases, or has r i edges, or has a vertex with degree at least 28, then
Therefore, to finish the proof it suffices to check the following cases: Case 1. Suppose ∆ = 29 and there is a vertex v i adjacent to x 0 such that d vi = 27, v i ∈ C 1 and C 1 has r 1 − 1 edges. Then, there are exactly two vertices adjacent to x 0 which are not adjacent to v i . Let us assume, relabeling if necessary, that these are x 28 and x 29 , and v i = x 1 . Therefore, G has one edge joining x 0 to x 1 where d x0 = 29 and d x1 = 27, 28 edges joining x 0 to a vertex x i with d xi ≥ 2 and 26 edges joining x 1 to x j for 2 ≤ j ≤ 27 with d xj ≤ 27. If G has 58 edges, then trivially GA 1 (G) ≥ GA 1 (K 2, 29 ≈ 1.996. Case 3. Suppose ∆ = 28 and there is a vertex v i adjacent to x 0 such that d vi = 27, v i ∈ C 1 and C 1 has r 1 − 1 edges. Then, there is exactly one vertex adjacent to x 0 which is not adjacent to v i . Let us assume, that it is x 28 , and v i = x 1 . Therefore, G has one edge joining x 0 to x 1 where d x0 = 28 and d x1 = 27, 27 edges joining x 0 to a vertex x i with d xi ≥ 2 and 26 edges joining x 1 to x j for 2 ≤ j ≤ 27 with d xj ≤ 27. If G has 56 edges, then trivially GA 1 (G) ≥ GA 1 (K 2,28 ). If |E(G)| ≤ 55, then there is at most 1 edge left. Since d x28 ≥ 2 there is an edge joining x 28 to a vertex in {x 2 , . . . , x 27 }. Thus, there is an edge joining a vertex with degree 2 to a vertex with degree 3. Hence, it follows that ∆+2 , then C i has exactly r i edges for every 1 ≤ i ≤ k. Therefore, G has 2∆ edges and Proposition 2.8 gives G = K 2,∆ .
Given any odd integer ∆ ≥ 3, let us define H ∆ as the graph with minimum degree 2, maximum degree ∆, |V (H ∆ )| = ∆ + 1, and such that there are 2 vertices, x 0 , x 1 with degree ∆ which are adjacent and ∆ − 1 vertices with degree 2: x 2 , . . . , x ∆ . Note that (2.11)
The next result shows that the conclusion of Theorem 2.20 does not hold for ∆ < 28.
Proposition 2.21. For any integer 2 ≤ ∆ ≤ 27, if G ∈ G 2,∆ , then GA 1 (G) < GA 1 (K 2,∆ ), if ∆ is even,
Proof. If ∆ is even, then ∆(δ + 1) is even and, by Proposition 2.9, GA 1 (G) < GA 1 (K 2,∆ ). If ∆ is odd, then by (2.11), GA 1 (H ∆ ) = 2(∆ − 1)
2+∆ + 1 and, since for every 2 ≤ ∆ ≤ 27 we have 1 < 2 2 √ 2∆ 2+∆ , we conclude GA 1 (H ∆ ) < GA 1 (K 2,∆ ).
